We have recently discovered that there is a hidden conservation law in our rate equations (equations (15) and (17)) used to describe the electronic transport through a double quantum dot coupled to a nuclear spin environment. This implies that the obtained dynamical nuclear polarization (DNP) depends on the initial occupations of the double quantum dot as some of the authors recently explained [1] (see section V.A). Therefore, our rate equation description in the paper breaks down.
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In fact, if hyperfine interaction is the only spin relaxation mechanism causing the leakage current in a spin-blockade configuration, then a finite DNP cannot build up. The reason is as follows. Hyperfine interaction can lift a spin-blockade by producing transitions from the blocking triplet states T | | ,
. These transitions will polarize the nuclei in opposite directions and therefore, on average, the nuclear polarization does not change, since the rates of tunneling into the T ± states are equal. This is true even if the escape rates from T ± are very different. However, if the hyperfine interaction is competing with one or more alternative ways to escape from the triplet states, then a finite DNP can build up, as pointed out in [1] [2] [3] [4] . In other words, a finite DNP can occur if more than one spin-relaxation mechanism contributes to the leakage current. Now, in order to avoid the hidden conservation law and the following breakdown of our rate equation description, we should add an additional escape rate from the triplets in our rate 3 Author to whom any correspondence should be addressed.
equations. Therefore, equation (15) in our paper should be replaced by Γ ν ν′ could be provided by cotunneling or spin-orbit mediated spin relaxation. Moreover, W , ν ν′ describes the hyperfine induced transition rates and , Γ ν ν′ are the tunneling rates. Further details are provided in [1] (see equations (9) and (A1)). Furthermore, the polarization rate equation (17) is correct apart from an overall spin-flip normalization factor (see equation (10) in [1] ). The details of the double quantum dot modeling (section 2.1), the hyperfine rates and the tunneling rates (section 2.3) in the paper are not affected by the rate equation description breakdown and thereby remain correct.
The results of studying the corrected rate equations with a constant extra inelastic escape rate are provided in [1] , where the same hyperfine and tunneling rates as in our paper are used. Furthermore, an alternative simplified model including the inelastic rates can be found in section III.A of [1] , which replaces the considerations in section 2.1.1 of this paper.
